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Abstract 

We study the effect of the non-commutativity on the creation of 
scalar particles from vacuum in the anisotropic universe space-time. 
We derive the deformed Klein-Gordon equation up to second order 
in the non-commutativity parameter using the general modified field 
equation. Then the canonical method based on Bogoliubov trans¬ 
formation is applied to calculate the probability of particle creation 
in vacuum and the corresponding number density in the k mode. 
We deduce that the non-commutative space-time introduces a new 
source of particle creation. 
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1 Introduction 


In the classical theory black holes can only absorb and not emit particles. How¬ 
ever it was shown that quantum mechanical effects cause black holes to create 
and emit particles. It is also well known that the most signihcant prediction 
of this theory is the phenomenon of particle creation which leads to the con¬ 
cept of quantum gravity. In this paper we are interested in the issue of particle 
production by constructing a simple type of the non-commutative geometry. 

The extension of quantum field theory to one in a curved space is the starting 
point towards quantum gravity in curved space-time. However another impor¬ 
tant concept in the context of quantum gravity is non-commutative geometry, 
by which the quantization of the space-time leads to quantifying gravity. Thus 
the non-commutative space-time is intrinsically connected to quantum gravity 
despite the well-known problem of Lorentz-violating symmetry. All other fun¬ 
damental problems, such as the unitarity violation [4], causality [5] and UV/IR 
divergences [6], have been discussed in the context of the local Lorentz invari¬ 
ance. 

In ref. [7], the authors showed that these problem can arise by inducing a 
non-constant metric into the theory and they found that at high energy gravity 
and non-commutative geometry must become dependant on each other. Several 
important works were performed in a formally Lorentz-invariant approach (see 
for example the reviews [2,8,9]). Various theories of gravity in the context of 
non-commutative geometry have amongst others been studied in refs. [10 — 22] 
and cosmology on non-commutative space-time has been explored in ref. [23]. 
Even certain ideas referring to quantum gravity have been explored with respect 
to non-commutative geometry, see refs. [24 — 28] for example. Another approach 
is based on the twisted Poincare algebra constructed for canonically deformed 
space with a constant parameter of non-commutativity, where in this formalism 
the Lagrangian density is invariant and the gauge and pure gravity theories are 
consistent. 

In our previous work [29] we have attempted to construct a non-commutative 
gauge gravity model, where the problem of the unitarity (see for example refs. 
[4,, 14,15,30,31,32]) is overcome by the construction of generalized local Lorentz 
and general coordinate transformations, which preserve the non-commutative 
coordinate canonical commutation relations. The phenomenon of scalar parti¬ 
cle creation in anisotropic Bianchi I universe with a constant electric field has 
been analyzed in ref. [33]. Actually, there is no electric charge in the universe to 
create an electric field, meaning that the particles can be created from vacuum 
by the expansion of the universe itself with no other external field present. 

The aim of this paper is the study the effect of the non-commutativity on the 
creation of scalar particles from vacuum in the space-time anisotropic Bianchi 
I universe when a constant electric field is present. We compute the number 
density of created particles in the cases of strong and weak field. From our 
results we clearly deduce that the the non-commutativity plays the role of the 
electric field. 

This paper is organized as follows. In section 2 we derive the correspond- 


1 



ing Seiberg-Witten maps up to the first order of 6 for the various dynamical 
fields and we propose an invariant action of the pure non-commutative gauge 
gravity and non-commutative charged scalar field in interaction. In section 3 
we derive the anisotropic universe non-commutativity space-time Klein-Gordon 
(KG) equation and obtain its solution. Then we compute the density of created 
scalar particles and discuss the weak and strong field limits. The last section is 
devoted to a discussion. 

2 Seiberg-Witten maps 

One can get at first order in the non-commutative parameter 9^'^ the following 
Seiberg-Witten maps [1]: 

ip = ip- + O (9^) , 

Ap = Ap + {^ctAp, Wp} +0 (9^), 

AG = AG + ^9‘^^{d^AG,A,} + 0(9^), (1) 

^ 1 

Fk = {Alo, (dp + Dp) Fp J + O (02) , 

= e“ - ^0“^ + {dpu:^^ + R}l) e^) + O (02) , 

where 


F^i, = d^A^ - duAfj, -i[Afj., A ^], ( 2 ) 

= ^fSab, (3) 

ip = i;T“ = Al * e^T“, (4) 

(Up = iofS^b = * e^S^b, (5) 

0^'^ = Ka * (6) 


and Wp** are the spin connections and eta is the inverse-* of the vierbein e® 
defined as: 


£b ^ pbt — K° 


( 7 ) 


and 




( 8 ) 

To begin we consider a non-commutative gauge theory with a charged scalar 
particle in the presence of an electrodynamic gauge field in a general curvilinear 
system of coordinates. We can write the action as: 



d^x {Cg + Csg) , 


(9) 
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where Lq and Lsc stand for the pure gravity and matter scalar densities corre¬ 
sponding to the charged scalar particle in the presence of an electric field, and 
where 

Cq = e * i?, (10) 

and 

Csc = &* * D^(p + m^(p^ . (11) 

The deformed tetrad and scalar curvature are given by: 


e = det *(e“) = * e() * e); * , 

R = e'^a* Kb * ’ 


( 12 ) 

(13) 


and the gauge covariant derivative is defined as: D^(p = \ d^ — ieA^ * (p. 
In the following we consider a symmetric metric Kv such that: 


= 


* Kb + K* e^b)- 


(14) 


As a consequence, the first-order expansion in the non-commutative parameter 
0“^ of the scalar curvature R and metric Kf vanishes. Thus R and Kv can be 
rewritten as: 


R = R + 0{e'^) , (15) 

K'' = 9iiu + 0 {e^) , (16) 


Next we use the generic field infinitesimal transformations = iX * ip), 
and the star-product tensor relations. We can prove that the action in eq. (34) is 
actually invariant. By varying the scalar density under the gauge transformation 
and from the generalised field equation and the Noether theorem we obtain [10]: 


dc ^ dc ^ ^ ^ dc 

dip ^d{d^(p)^ ^ ''d{d^d,(p) 


+ o{o^) = 0 . 


(17) 


3 The solution to the non-commutative Klein- 
Gordon equation and particle creation process 

In this section we examine the particle creation phenomenon induced by vacuum 
instabilities in the context of the non-commutative geometry in presence the 
external vector potential A^. We shall take the example of the Klein-Gordon 
equation in a cosmological anisotropic non-commutative Bianchi / universe. 

The deformed line element of the Bianchi / universe up to the first-order of 
9 takes the following form: 

ds"^ = —dt^ + [dx^ + dy^) + dz^ + g^Jdx^dx" + O [O^) . (18) 
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We follow the same steps outlined in ref. [33] and look for the non-commutative 


correction of the metric up to the hrst order in 9. 

Choosing the following diagonal tetrads: 

o 

o' 

o' 

II 

o 

(20) 

4 = ( 0, t, 0, 0 ) , 

(21) 

4 = ( 0, 0, t, 0 ) , 

(22) 

4 = ( 0, 0, 0, 1 ) , 

(23) 

then the nonzero spin connections are 

41 = -^10 = 1 , 

(24) 

= 1. 

(25) 


Using the Seiberg-Witten map (1) and the choice (19) we can obtain the follow¬ 
ing deformed veirbeins: 

e° = ( 1, 0, 0, 0 ) , (26) 

= ( 0, t, -z|t, 0 ) , (27) 

= ( 0, t, 0), (28) 

el={ 0, 0, 0, 1 ) . (29) 

As a consequence, the first-order expansion in the non-commutative parameter 
0“^ of the Bianchi / metric vanishes. Thus (18) can be rewritten as: 

ds^ = —dt^ + {dx^ dy^) + dz^ + O (0^) . (30) 

In order to identify the particle states we follow the quasi-classical approach 
of ref. [34]. The standard method is to specify the positive and negative fre¬ 
quency modes and solve the classical Hamilton-Jacobi equation looking specif¬ 
ically for the asymptotic limits of the solution t —>■ 0 and t —>■ oo. Then one 
solves the Klein Gordon equation by comparing with the quasi-classical limits, 
and specifying the positive and negative frequency states. Finally one utilises 
Bogouliubov transformations and calculates the number density for created par¬ 
ticles. 

Using the modified held equation (17) with the generic boson held (p one can 
hnd in a non-commutative curved space-time and in the presence of the external 
potential the following modihed Klein-Gordon equation: 

- ml) (p + {ieri^"''d^Ai, - A^ * A„ + 2ier]^''Af^d„^ P = 0, (31) 
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with the deformed external potential = (0,0, 0, Et) in free non-commutative 
space-time being: 

03 = 03 - + O (02) . (32) 

For a non-commutative time-space we have 0°^ 0 and 0^* = 0, where i,k = 

1,2,3. In this case we can write: 

= -92 + 1 (9? + 92) + dl (33) 

and 

2ier]^^'^Af,d^ = 2ieEt{l + eE)d:i, (34) 

and 

- e‘^r]^‘'A^ *A^ = [ieEt (1 -b 0E)f . (35) 

The Klein-Gordon equation (31) (in the presence of a constant external field 
Ayi) up to O ( 6 * 2 ) then simplihes to: 

—9q + ^ (92 -b 9|) -b 93 — m2 -b 2ieEt (1 -b OE) 83 + [ieEt (1 -b 9E)]^ = 0. 

' ^ (36) 

In order to keep our results compact and transparent we make use of the ap¬ 
proximation: 

1 -b 6*5 « exp {9g), (37) 

with g being an arbitrary regular function. Equation (36) commutes with the 
operator and therefore the wave functions ip can be cast into: 

If = A(t) exp (ikxX + ikyU + ikzz). (38) 

Substituting eq. (38) into eq.(36), one can get: 

^ -b ^ -b A:2 -b m2 -b 2 eEtkz + A(t) = 0 , (39) 

where 

E = Eexp(9E), (40) 

and the eigenvalue k± is given by: 



We adopt the following change of variable: 

p = ieEt^, (42) 

and we deduce that for kz = 0, equation (39) becomes: 


(P 1 d k^ 

_dp^ 2 p dp Ap 


1 irp 

4 4eF;J 


A(p) = 0. 


(43) 
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Following ref. [34], the solution to eq. (43) can be written as a combination 
of Whittaker functions Mf.^ ^ (p) and ^ (p): 

A (p) = p-i/4 {z) + (z)) , (44) 

where kg and p are given by: 

kg =-i^exp{-9E), M= (45) 

Then the general solution of (43) can be expressed in terms of the hypergeomet¬ 
ric functions F — kg + + 1, pj and G — kg + p,,2fi + 1, pj as follows: 

A (p) ~ + 

+ C2P^+^^^e-p/^G (^l-k9 + 2p + 1, p) , (46) 

where Ci and G 2 are normalisation constants. 

To construct the positive and negative frequency modes we use the asymp¬ 
totic limit of the solution (46) and compare the result with that obtained by 
solving the Hamilton-Jacobi relativistic equation at t = 0 (p = 0). Thus it may 
be shown that the positive and negative frequency modes are given by: 

Aj = Co+p^+iAe-'’/"i^ 

and 

Ap- = (a+) * = G+ (-1)^+3 p^^^l^e-Pl^F Q - fc, + p, 2p + 1, p) , (48) 

where G^ is normalisation constant. We note that the hypergeometric func¬ 
tions F — fcg -I- p, 2p -I- 1, p^ and G ^4 — fcg -|- p, 2p -|- 1, p^ have the following 
asymptotic limits: 

-F (^ - +M,2p-f l,p) ~ 1 for IpI < 1, (49) 

G - fee-I-p, 2p-I-l,p^ ~ for IpI 00 . (50) 

One can show that the positive and negative frequency modes for |p| —>■ 00 , 
by observing the asymptotic limit of G — kg + p, 2p -|- 1, p^ , is given by: 

Ai = Ct,p^+^/^e-P^^G 4 + P, 2p + 1, p) , (51) 
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A- = C- 2 m + 1 , -p) , 


where and are normalisation constants. 
Now we utilise the relation: 


G I - — kg + ^,2^ + 1, p j — 


, ^ r(-2M) 

’V r(i-fc.-M 

T (^-k0-\- fj) 


F {-— ko + 


jF^!F^p-^^F(l-kg-t^-2p+l,p), (53) 
[^-kg + pj V2 J 


where F is the Gamma function, and exploit the fact that the positive frequency 
mode A+ can be written in terms of the positive (Aq) and negative (Aq ) 
frequency modes through the Bogouliubov transformation [35,36,37]: 


to find that a and /3 are: 

C+r(-2M) 

^ \ ’ 

Gtv(\-kg-p\ 


Ai = dA+ + Mo-, 

^ g^r( 2 M) 

G(^r — kg + p 


exp (iTT (m + 1/4)), (55) 


1 ^ I F 

F - m) 


exp (2ttp) . 


Using the following property of the Gamma function: 


cosh (ttp) ’ 


ip]\ = 


and simplifying leads to: 

I ' |2 cosh TT i-kg + p] 

■— =--VT ■ 

P cosh TT I kg + p\ 

The probability to create a single particle from vacuum is then: 

( Ibl^ 1 Tr(ke+ p) 

^ -^exp(-27rM). 


(rA 

|a| 

-1 l- 

cosh 7 

(j;e + p^ 

^ 2 

J 

cosh TT 

(^-kg + p^ 
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"22 

Taking into account the fact that kg = ~ small 9, we easily to 

obtain: 

Pk = Pk {9 = 0) + Pt, (60) 

where Pk {9 = 0) denotes the ordinary probability to create a single particle 
from vacuum in the presence of an electric field and has the expression: 


Pk (9 = 0) = 


cosh [tt {k + /i)] 
cosh [tt {—k + /i)] 


exp (—27r/x), k = 


AeE 


(61) 


and is the generated non-commutative correction of order 0 given by: 


=- 6Pk {9 = 0) [tanhTT (A; + ^) + tanhyr (—/c + fi)] . (62) 

4e 


Next we calculate the non-commutative density of the created particles h by 
the non-commutative curved space-time and electric field. For this we use eq. 
(54) so as to arrive at: 


n = 




(63) 


Using the normalisation condition [37]: 



(64) 


we finally arrive at the result for the non-commutative number density of created 
particles n: 


n = 


f l-Pk 
V Pk 


-1 


= exp 


(fce - m) 


cosh 


(^kg 




sinh (2-71/j.) 


(65) 


It is also very important to consider the weak and strong electric field limits 
and see the behavior of the number density and derive some of the related 
thermodynamical quantities. 


3.1 The weak field approximation 

In this limit, if we set: 


such that: 


9 

~ 777 

k. = 

9 2 

m m 
4 ^ ~ ^ 4 ^ ’ 


kg ^ CO , 

it is easy to show that the probability Pk takes the form: 
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( 66 ) 

(67) 


( 68 ) 


Pk = exp 



Then the number density h is written up to the second order of 6 as: 


n = 


1 


exp 



- 1 


( 69 ) 


This density is thermal and looks like a two-dimensional Bose-Einstein distri- 
bution with chemical potential /i = — 02 ^, Xo get the total non-commutative 
number of the created particles per a unit volume, we have to integrate the 
density h over momentum space. Taking into account the fact that h does not 
explicitly depend on k^, the total non-commutative number N reads: 

N = - 5 - [ nk±dk±dkz , (70) 

{27rTf J 

where T is the time for the external interaction and the integration over kz 
is equivalent to the integration of the classical equation of motion: J dk = 
f eEdt = eET. Thus the total non-commutative number N per a unit volume 
takes the form: 


2eET r k±dk± 

{2^Tf \J 


(71) 


Now since 9 is small we have exp «C 1. Consequently the total number N 

in eq.(65), written up to the second order of 0, is given by the following relation: 

Notice that the particle creation mechanism is effectively isotropic in the 
presence of a constant electric field of the anisotropic Bianchi I universe of the 
non-commutative space-time. The non-commutative number density of created 
particles in eq.( 66 ) takes a similar form in the Boltzmann limit in ordinary 

ft 2 

commutative space with a chemical potential /i = —9^. This result was 
expected due to the fact that the non-commutativity parameter is the smallest 
area in space that can be probed. 


3.2 The Strong Field Approximation 

In this limit if we set 


such that: 




1 

II 

(73) 

A: —>■ 0 , 

(74) 
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and by direct simplifications one may show that the number density n takes the 
form: 


n = 


exp 


( 7 ^ 


3 + tanhTT 


kl- 


- 1 


(75) 


This result looks like a two dimensional Bose-Einstein distribution with a chem¬ 
ical potential given by: 


fJ- 


e 


TTTO 

0 -tanhTT 

2e 


2 



1 

4 ■ 


(76) 


Consequently the results shown in eqs. (69) and (75) indicate that the par¬ 
ticle creation mechanism effectively isotropizes in the non-commutative space- 
time of an anisotropic Bianchi I universe, where the number density of created 
particles in the absence of the electric field corresponds to a thermal distribu¬ 
tion. Here the non-commutativity parameter plays the role of electric field. In 
the limit 0 —>• 0 equations (69) and (75) reduce to: 


1 


exp 




- 1 


which is the same as the Bose-Einstein distribution of particles ( see [38]). 


4 Conclusions 

In this work we started with the effect of the non-commutativity on the creation 
of scalar particles from vacuum in the space-time anisotropic Bianchi I universe. 
By using the Seiberg-Witten maps and the Moyal product up to first order in 
the non-commutativity parameter 9, we generalised the deformed Klein Gorden 
equation. After solving this equation the density of created particles are calcu¬ 
lated by applying the Bogoliubov transformations and the quasi-classical limit 
for identifying the positive and negative frequency modes. We have seen that 
the non-commutative space-time introduces a new source of particle creation 
by considering the application of our findings into the Bianchi I universe. As 
a conclusion, the non-commutativity plays the same role as the electric field 
and chemical potential. It is worth mentioning that in the limit 9 —>■ E~^ (i.e. 
the case of strong field) and at high energies our results coincide with those of 
ref. [33]. 
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